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Abstract

Panic buying describes a sudden, unanticipated surge in demand, triggered by a
real or perceived disruption. In anticipation, consumers front-load purchases, thereby
congesting the market and raising the risk of shortages. When prices are slow to
adjust, non-price rationing emerges, with ambiguous effects on allocative efficiency
across heterogeneous consumers. We study the welfare and allocative effects of panic
buying in the context of a two-week episode of panic buying of gasoline in the UK. We
combine novel data on station wait times and card transactions to study two sources of
welfare loss: elevated shopping costs and misallocation. We develop a model in which
heterogeneous consumers trade off the benefit from refueling, given their belief about
future fuel availability, against endogenously determined shopping costs. Compared
to the optimal allocation, we find substantial losses in status-quo consumer surplus
driven by misallocation as front-loading consumers crowded out those with emptier
gas tanks. We evaluate alternative allocation rules and their potential in mitigating
these losses.
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�+�Q�M�b�m�K�2�`�b �K���v �7���+�2 �7�`�B�+�i�B�Q�M�b �b�m�+�? ���b �b�+�?�2�/�m�H�B�M�; �+�Q�M�b�i�`���B�M�i�b�X

�k�k



�H���i�2�` �T���`���K�2�i�`�B�x�2 �i�?�2�K ���b �7�m�M�+�i�B�Q�M�b �Q�7 �Q�#�b�2�`�p�2�/ ���M�/ �m�M�Q�#�b�2�`�p�2�/ �+�Q�M�b�m�K�2�` �+�?���`���+�i�2�`�B�b�i�B�+�b�X�j�3

�h�v�T�2�@�" �+�Q�M�b�m�K�2�`�b�X���� �i�v�T�2�@�" �+�Q�M�b�m�K�2�` �i�v�T�B�+���H�H�v �`�2�}�H�H�b �2�p�2�`�v �Q�i�?�2�` �T�2�`�B�Q�/ ���M�/ �2�M�i�2�`�b

�T�2�`�B�Q�/1 �r�B�i�? ���M�2�K�T�i�v�;���b �i���M�F�X �G�B�F�2 �i�v�T�2 ���- �b�?�2 �K�m�b�i �`�2�}�H�H �B�M �T�2�`�B�Q�/1 �i�Q �m�b�2 �?�2�` �+���`�X

�a�B�M�+�2 �?�2�` �;���b �i���M�F �H���b�i�b �i�r�Q �T�2�`�B�Q�/�b�- �?�2�` ���i�i�2�K�T�i �/�2�+�B�b�B�Q�M �B�b �/�v�M���K�B�+ ���M�/ �/�2�T�2�M�/�b �Q�M �i�?�2

�`�2�b�m�T�T�H�v �#�2�H�B�2�7~s�X �A�M �T���`�i�B�+�m�H���`�- �b�?�2 ���i�i�2�K�T�i�b �� �`�2�}�H�H �B�z�,

UiB (n; ~s ; vi ; � i ) = q(n)
�

(1 + � )(1 � ~s� )
| {z }

� L B (~s)

vi � � i � (n)
�

� � i c + " i � 0 : �U�9�V

�q�2 �`�2�7�2�` �i�QLB (~s) ���b �i�?�2 �m�`�;�2�M�+�v �H�Q���/�B�M�; �7�Q�` �i�v�T�2 �"�X �h�?�B�b �i�2�`�K �+���T�i�m�`�2�b �i�?���i �� �b�m�+�+�2�b�b�7�m�H �`�2�}�H�H

�;�m���`���M�i�2�2�b �?�2�` �p���H�m�2 �Q�7 �/�`�B�p�B�M�; �B�M �T�2�`�B�Q�/1 ���M�/�T�`�Q�i�2�+�i�b �?�2�` ���;���B�M�b�i �i�?�2 �+���b�2 �Q�7 �M�Q �`�2�b�m�T�T�H�v

�B�M �T�2�`�B�Q�/2�X �a�?�2 �/�B�b�+�Q�m�M�i�b �7�m�i�m�`�2 �T�2�`�B�Q�/�b ���i� < 1 ���M�/ ���+�+�Q�m�M�i�b �7�Q�` �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2

�Q�7 ���M�v �;���b �Q�M �?���M�/ ���i �i�?�2 �2�M�/ �Q�7 �T�2�`�B�Q�/2 �B�7 �b�?�2 �r�2�`�2 �i�Q �`�2�}�H�H �B�M �T�2�`�B�Q�/2�X �6�Q�` �b�B�K�T�H�B�+�B�i�v�- �r�2

���#�b�i�`���+�i �7�`�Q�K �i�?�2 �b�m�T�T�H�v�@�b�B�/�2 �B�M�p�2�M�i�Q�`�v �T�`�Q�#�H�2�K ���M�/ ���b�b�m�K�2 �i�?���i �7�m�2�H ���p���B�H���#�B�H�B�i�v �B�M �T�2�`�B�Q�/

2 �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �`�2���H�B�x���i�B�Q�M �B�M �T�2�`�B�Q�/1�X�j�N

�h�v�T�2�@�* �+�Q�M�b�m�K�2�`�b�X���� �i�v�T�2�@�* �+�Q�M�b�m�K�2�` ���H�b�Q �`�2�}�H�H�b �2�p�2�`�v �Q�i�?�2�` �T�2�`�B�Q�/�- �#�m�i �2�M�i�2�`�b �T�2�`�B�Q�/

1 �r�B�i�? ���?���H�7�@�7�m�H�H�i���M�F�X �a�?�2 �+�Q�m�H�/ �r���B�i �m�M�i�B�H �T�2�`�B�Q�/2�- �#�m�i �K�B�;�?�i �T�`�2�7�2�` �i�Q �7�`�Q�M�i�@�H�Q���/ �?�2�` �`�2�}�H�H

�i�Q ���p�Q�B�/ �i�?�2 �+���b�2 �Q�7 �M�Q �`�2�b�m�T�T�H�v�X �a�?�2 ���i�i�2�K�T�i�b �i�Q �`�2�}�H�H �B�z�,

UiC (n; ~s ; vi ; � i ) = q(n)
�

� (1 � (1 + � )~s)
| {z }

� L C (~s)

vi � � i � (n)
�

� � i c + " i � 0 : �U�8�V

�"�2�+���m�b�2 �b�?�2 �B�b �;�m���`���M�i�2�2�/ �i�Q �m�b�2 �?�2�` �+���` �B�M �T�2�`�B�Q�/1�- �i�?�2 �Q�M�H�v �;���B�M �7�`�Q�K �`�2�}�H�H�B�M�; �2���`�H�v �B�b

�?�2�` �p���H�m�2 �Q�7 �/�`�B�p�B�M�; �B�M �T�2�`�B�Q�/2 �B�M �i�?�2 �+���b�2 �Q�7 �M�Q �`�2�b�m�T�T�H�v�X ���i�i�2�K�T�i�B�M�; ���M �2���`�H�v �`�2�}�H�H �B�b �Q�M�H�v

�#�2�M�2�}�+�B���H �B�7 �b�?�2 �#�2�H�B�2�p�2�b �i�?���i �`�2�b�m�T�T�H�v �B�b �m�M�H�B�F�2�H�v�- �M���K�2�H�v~s � 1=(1 + � )�X �A�7 �B�M�b�i�2���/~s �B�b �?�B�;�?�-

�b�?�2 �T�`�2�7�2�`�b �i�Q �r���B�i �/�m�2 �i�Q �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2 �Q�7 �;���b �Q�M �?���M�/�X

���H�i�Q�;�2�i�?�2�`�- �r�2 �+���M �b�m�K�K���`�B�x�2 �+�Q�M�b�m�K�2�`�b�ö �`�2�}�H�H ���i�i�2�K�T�i�b ���+�`�Q�b�b �m�`�;�2�M�+�v �i�v�T�2�bg ���b�,

Uig (n; ~s ; vi ; � i ) = q(n)
�

Lg(~s) vi| {z }
�V i (~s)

� � i � (n)
�

� � i c + " i � 0 ; �U�e�V

�j�3�q�2 ���b�b�m�K�2 �+�Q�M�b�m�K�2�`�b �F�M�Q�r �i�?�2�B�` �Uvi ; � i �V ���M�/ �i�?���i �i�?�2�v �`�2�K���B�M �+�Q�M�b�i���M�i ���+�`�Q�b�b �T�2�`�B�Q�/�b�X �Uvi ; � i �V �K���v �#�2
�+�Q�`�`�2�H���i�2�/�- �#�m�i �r�2 �/�Q �M�Q�i �7�Q�`�+�2 �i�?�2�K �i�Q �+�Q�@�p���`�v �B�M ���M�v �T���`�i�B�+�m�H���` �r���v�X

�j�N�A�7 �`�2�b�m�T�T�H�v �/�Q�2�b �M�Q�i �?���T�T�2�M�- �M�Q �+�Q�M�b�m�K�2�` �r�B�H�H ���i�i�2�K�T�i �i�Q �`�2�}�H�H �B�M �T�2�`�B�Q�/2�X �A�7 �`�2�b�m�T�T�H�v �?���T�T�2�M�b�- �i�?�2�`�2
�B�b �M�Q �`�B�b�F �Q�7 �b�?�Q�`�i���;�2�b ���M�/ �`�2�}�H�H�b �?���T�T�2�M ���b �T���`�i �Q�7 �H�Q�M�;�2�` �b�?�Q�T�T�B�M�; �i�`�B�T�b�X �h�?�2�`�2�7�Q�`�2�- �+�Q�M�b�m�K�2�`�b �?�Q�H�/ �M�Q
�2�t�T�2�+�i���i�B�Q�M�b �Q�p�2�` �r���B�i �i�B�K�2�b ���M�/ �b�?�Q�`�i���;�2�b �B�M �T�2�`�B�Q�/2�- ���M�/ �7���+�2 �M�Q �r���B�i �i�B�K�2�b�- �b�?�Q�`�i���;�2�b�- �Q�` �i�?�2 �}�t�2�/
���i�i�2�K�T�i �+�Q�b�i �B�M �T�2�`�B�Q�/2�X

�k�j



�r�B�i�? �i�v�T�2�@�b�T�2�+�B�}�+ �H�Q���/�B�M�;LA = 1�-LB = (1 + � )(1 � ~s� )�- ���M�/LC = LB � 1�- �i�?���i �b�?�B�7�i �i�?�2

�#�2�M�2�}�i �� �`�2�}�H�H ���b �� �7�m�M�+�i�B�Q�M �Q�7~s�X �q�2 �`�2�7�2�` �i�QVi (~s) = Lg(~s) vi ���b �i�?�2 �`�2�}�H�H �#�2�M�2�}�i �Q�7 �+�Q�M�b�m�K�2�`

i �Q�7 �i�v�T�2g�- �;�B�p�2�M �i�?�2 �`�2�b�m�T�T�H�v �#�2�H�B�2�7~s�X

�:�B�p�2�Mn�- �+�Q�M�b�m�K�2�`i ���i�i�2�K�T�i�b �� �`�2�}�H�H �r�B�i�? �T�`�Q�#���#�B�H�B�i�v

� ig (n; ~s ; vi ; � i ) = Pr( Uig (n; ~s) � 0) : �U�d�V

�8�X�j �J���`�F�2�i �2�[�m�B�H�B�#�`�B�m�K ���M�/ �T�H���M�M�2�` �b�Q�H�m�i�B�Q�M

�q�2 �M�2�t�i �/�2�`�B�p�2 �i�?�2 �K���`�F�2�i �2�[�m�B�H�B�#�`�B�m�K ���M�/ �T�H���M�M�2�` �b�Q�H�m�i�B�Q�M �i�Q �Q�m�` �K�Q�/�2�H�X �h�?�2 �T�H���M�M�2�` �K���v

�/�2�p�B���i�2 �7�`�Q�K �i�?�2 �K���`�F�2�i ���H�H�Q�+���i�B�Q�M �7�Q�` �i�r�Q �`�2���b�Q�M�b�, �?�2 �b�2�2�F�b �i�Q ���H�H�Q�+���i�2 �7�m�2�H �#���b�2�/ �Q�M �i�?�2

�`�2�}�H�H �#�2�M�2�}�i�- �B�M�/�2�T�2�M�/�2�M�i �Q�7 �+�Q�M�b�m�K�2�`�b�ö �p���H�m�2 �Q�7 �i�B�K�2�- ���M�/ �?�2 �2�p���H�m���i�2�b �i�?�2 �`�2�}�H�H �#�2�M�2�}�i ���i

�i�?�2 �i�`�m�2 �`�2�b�m�T�T�H�v �T�`�Q�#���#�B�H�B�i�v�-s�X

�J���`�F�2�i �2�[�m�B�H�B�#�`�B�m�K�X���A�M �Q�m�` �K�Q�/�2�H�- �i�?�2 �K���`�F�2�i �2�[�m�B�H�B�#�`�B�m�K �B�b �� �}�t�2�/ �T�Q�B�M�i �B�M �i�?�2 �b�?���`�2

�Q�7 �+�Q�M�b�m�K�2�`�b �r�?�Q ���i�i�2�K�T�i �i�Q �`�2�}�H�H �B�M �T�2�`�B�Q�/1�X �h�Q �2�M�b�m�`�2 �m�M�B�[�m�2�M�2�b�b�- �r�2 ���b�b�m�K�2 �i�?���i(vi ; � i )

���`�2 �B�X�B�X�/�X �/�`���r�b �7�`�Q�K �� �#�B�p���`�B���i�2 �/�B�b�i�`�B�#�m�i�B�Q�MF �i�?���i �B�b �+�Q�M�i�B�M�m�Q�m�b�- �b�i�`�B�+�i�H�v �B�M�+�`�2���b�B�M�;�- ���M�/

�?���b �m�M�#�Q�m�M�/�2�/ �b�m�T�T�Q�`�i �Q�M(0; 1 ) ���+�`�Q�b�b �i�?�2 �T�Q�T�m�H���i�B�Q�M �Q�7 �/�`�B�p�2�`�b�X�9�y

�G�2�i� A �/�2�M�Q�i�2 �i�?�2 �b�?���`�2 �Q�7 �i�v�T�2�@�� �+�Q�M�b�m�K�2�`�b �B�M �i�?�2 �K���`�F�2�i�-� B �i�?�2 �b�?���`�2 �Q�7 �i�v�T�2�@�"

�+�Q�M�b�m�K�2�`�b�- ���M�/� c = 1 � � A � � B �i�?�2 �b�?���`�2 �Q�7 �i�v�T�2�@�* �+�Q�M�b�m�K�2�`�b�X �:�B�p�2�Mn�- �i�?�2 ���;�;�`�2�;���i�2

���i�i�2�K�T�i �T�`�Q�#���#�B�H�B�i�v �B�b

	( n) = � A

Z
� iA (n) dF(vi ; � i j gi = A) + � B

Z
� iB (n) dF(vi ; � i j gi = B)

+ � C

Z
� iC (n) dF(vi ; � i j gi = C) : �U�3�V

�a�B�M�+�2	 �K���T�b �7�`�Q�K[0; 1] �i�Q �B�i�b�2�H�7 ���M�/ �B�b �r�2���F�H�v �/�2�+�`�2���b�B�M�; �B�Mn�- �B�i �7�Q�H�H�Q�r�b �U�#�v �"�`�Q�m�r�2�`�ö�b

�}�t�2�/�@�T�Q�B�M�i �i�?�2�Q�`�2�K�V �i�?���i �i�?�2 �7�m�M�+�i�B�Q�M �?���b �� �}�t�2�/ �T�Q�B�M�i�X �A�M ���/�/�B�i�B�Q�M�- �r�B�i�? �i�?�2 �`�2�;�m�H���`�B�i�v

�+�Q�M�/�B�i�B�Q�M�b �Q�MF ���M�/ ���b�b�m�K�B�M�; �i�?���i~s < 1=(1 + � )�- �i�?�2 �}�t�2�/ �T�Q�B�M�i �B�b �m�M�B�[�m�2 ���M�/ �b���i�B�b�}�2�b

n� > � �- �K�2���M�B�M�; �i�?���i �K�Q�`�2 �+�Q�M�b�m�K�2�`�b ���i�i�2�K�T�i �i�Q �`�2�}�H�H �i�?���M �B�M �M�Q�`�K���H �i�B�K�2�b�X�9�R

�*�Q�M�b�m�K�2�` �r�2�H�7��� �̀2�X���P�m�` �K�Q�/�2�H �+���T�i�m�`�2�b �i�r�Q �b�Q�m�`�+�2�b �Q�7 �H�Q�b�b �i�Q �+�Q�M�b�m�K�2�` �r�2�H�7���`�2�- �`�2�~�2�+�i�@

�B�M�; �i�?�2 �b�?�Q�T�T�B�M�; �+�Q�b�i�b ���M�/ ���H�H�Q�+���i�B�p�2 �B�M�2�{�+�B�2�M�+�v�X �6�B�`�b�i�- �+�Q�M�b�m�K�2�`�b �r�?�Q ���i�i�2�K�T�i �� �`�2�}�H�H �T���v
�9�y�h�?�2�b�2 �`�2�;�m�H���`�B�i�v �+�Q�M�/�B�i�B�Q�M�b �2�M�b�m�`�2 �i�?���i �i�?�2�`�2 �B�b �� �m�M�B�[�m�2 �`���M�F�B�M�; �Q�7 �+�Q�M�b�m�K�2�`�b �B�M �Q�`�/�2�` �Q�7vi �f� i �X �A�M

���/�/�B�i�B�Q�M�- �i�?�2 ���b�b�m�K�T�i�B�Q�M �Q�7 �� �?�Q�K�Q�;�2�M�2�Q�m�b �2�t�i�2�`�M���H�B�i�v �2�M�b�m�`�2�b �i�?���i �Q�`�/�2�` �Q�7 ���`�`�B�p���H ���i �;���b �b�i���i�B�Q�M�b �/�Q�2�b �M�Q�i
�K���i�i�2�`�- �i�?�m�b ���p�Q�B�/�B�M�; �i�?�2 �2�[�m�B�H�B�#�`�B�m�K �B�M�/�2�i�2�`�K�B�M���+�v �Q�7 �}�M�B�i�2�@�T�H���v�2�` �;���K�2�b ���b �B�M �"�2�`�`�v �U�R�N�N�k�V�X

�9�R�L�Q�i�2 �i�?���in � � �+���M�M�Q�i �+�Q�M�b�i�B�i�m�i�2 ���M �2�[�m�B�H�B�#�`�B�m�K �#�2�+���m�b�2� (� ) = 0 ���M�/q(� ) = 1 �X �6�Q�`n > � �- � (n)
�B�b �b�i�`�B�+�i�H�v �B�M�+�`�2���b�B�M�; ���M�/q(n) �B�b �r�2���F�H�v �/�2�+�`�2���b�B�M�;�- �B�K�T�H�v�B�M�; �i�?���i	 �B�b �b�i�`�B�+�i�H�v �/�2�+�`�2���b�B�M�;�X �*�Q�M�b�2�[�m�2�M�i�H�v�-
	( n) �B�b �� �+�Q�M�i�`���+�i�B�Q�M �K���T�T�B�M�;�- ���M�/ �#�v �� �b�B�K�T�H�2 �b�B�M�;�H�2�@�+�`�Q�b�b�B�M�; ���`�;�m�K�2�M�i�-	( n) �B�M�i�2�`�b�2�+�i�b �i�?�2 �9�8�@�/�2�;�`�2�2 �H�B�M�2
�2�t���+�i�H�v �Q�M�+�2�- �2�b�i���#�H�B�b�?�B�M�; �i�?�2 �m�M�B�[�m�2 �2�[�m�B�H�B�#�`�B�m�K �b�?���`�2 �Q�7 �+�Q�M�b�m�K�2�`�b ���i�i�2�K�T�i�B�M�; �i�Q �`�2�}�H�H�X
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�i�?�2 �}�t�2�/ �+�Q�b�i �Q�7 ���M ���i�i�2�K�T�i ���M�/�- �+�Q�M�/�B�i�B�Q�M���H �Q�M �}�M�/�B�M�; �b�i�Q�+�F�- ���H�b�Q �T���v �i�?�2 �r���B�i�B�M�; �+�Q�b�i�X

�a�2�+�Q�M�/�- �+�Q�M�b�m�K�2�`�b �K���v �#�2 �/�2�i�2�`�`�2�/ �7�`�Q�K ���i�i�2�K�T�i�B�M�; �/�m�2 �i�Q �i�B�K�2�@�`�2�H���i�2�/ �+�Q�b�i�b�- �Q�` �K���v �#�2

�`���i�B�Q�M�2�/ �#�v �b�?�Q�`�i���;�2�b�X �q�2 �+���M �r�`�B�i�2 �i�?�2 �2�t�@���M�i�2 �2�t�T�2�+�i�2�/ �+�Q�M�b�m�K�2�` �r�2�H�7���`�2 ���b

W EQ (~s) =
Z

� i (n� ; ~s ; vi ; � i ) E [ Ui (n� ; ~s ; vi ; � i ) ] dF(vi ; � i ) ; �U�N�V

�r�?�2�`�2� i (n� ; s) �B�b �i�?�2 �2�[�m�B�H�B�#�`�B�m�K ���i�i�2�K�T�i �T�`�Q�#���#�B�H�B�i�v ���M�/E [Ui (n� ; s)] �B�b �i�?�2 �2�t�@���M�i�2 �2�t�T�2�+�i�2�/

�m�i�B�H�B�i�v �Q�7 �� �`�2�}�H�H ���i�i�2�K�T�i�X

�S�H���M�M�2�` �b�Q�H�m�i�B�Q�M�X���P�m�` �T�H���M�M�2�` �/�B�z�2�`�b �7�`�Q�K �i�?�2 �K���`�F�2�i �2�[�m�B�H�B�#�`�B�m�K �B�M �i�r�Q �r���v�b�X �6�B�`�b�i�-

�r�2 ���b�b�m�K�2 �i�?���i �i�?�2 �T�H���M�M�2�` �+���M ���b�b�B�;�M �b�i���i�2�@�+�Q�M�i�B�M�;�2�M�i �`�2�}�H�H �`�B�;�?�i�b�- �r�?�B�+�? �;�m���`���M�i�2�2 �`�2�}�H�H�b

�B�M �T�2�`�B�Q�/2 �`�2�;���`�/�H�2�b�b �Q�7 �`�2�b�m�T�T�H�v�X �h�?�B�b �7�2���i�m�`�2 �2�M�b�m�`�2�b �i�?���i ���b�b�B�;�M�2�/ �+�Q�M�b�m�K�2�`�b �/�Q �M�Q�i �?���p�2

�i�Q �[�m�2�m�2 ���M�/ �T���v �M�Q ���i�i�2�K�T�i �+�Q�b�i�X �*�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�2 �T�H���M�M�2�` �b�2�2�F�b �i�Q �K���t�B�K�B�x�2 �i�?�2 �i�Q�i���H

�`�2�}�H�H �#�2�M�2�}�i �B�M�/�2�T�2�M�/�2�M�i�H�v �Q�7 �+�Q�M�b�m�K�2�`�b�ö �p���H�m�2�b �Q�7 �i�B�K�2�X�9�k �a�2�+�Q�M�/�- �i�?�2 �T�H���M�M�2�` �2�p���H�m���i�2�b �i�?�2

�`�2�}�H�H �#�2�M�2�}�i ���i �i�?�2 �i�`�m�2 �`�2�b�m�T�T�H�v �T�`�Q�#���#�B�H�B�i�v�- ���z�2�+�i�B�M�; �i�?�2 �`�2�H���i�B�p�2 �`���M�F�B�M�; �Q�7 �+�Q�M�b�m�K�2�`�b�X �A�M

�T���`�i�B�+�m�H���`�- �B�7 �+�Q�M�b�m�K�2�`�b ���`�2 �i�Q�Q �T�2�b�b�B�K�B�b�i�B�+ ���#�Q�m�i �`�2�b�m�T�T�H�v �U~s < s�V�- �i�?�2 �T�H���M�M�2�` �r�B�H�H �T�`�B�Q�`�B�i�B�x�2

�+�Q�M�b�m�K�2�`�b �r�B�i�? �?�B�;�? �`�2�}�H�H �m�`�;�2�M�+�v�- �B�X�2�X�- �i�v�T�2�@�� ���M�/ �i�v�T�2�@�* �+�Q�M�b�m�K�2�`�b�- �2�p�2�M �B�7 �i�?�2�v �?���p�2 ��

�H�Q�r �p���H�m�2 �Q�7 �/�`�B�p�B�M�;�-vi �X

�:�B�p�2�M �i�?�2 �i�`�m�2 �`�2�b�m�T�T�H�v �T�`�Q�#���#�B�H�B�i�vs 2 f 0; 1g�- �i�?�2 �T�H���M�M�2�` ���b�b�B�;�M�b ���i �K�Q�b�iQ �`�2�}�H�H�b �i�Q

�i�?�2 �+�Q�M�b�m�K�2�`�b �r�B�i�? �i�?�2 �?�B�;�?�2�b�i �`�2�}�H�H �#�2�M�2�}�i�-Vi (s)�- �+�Q�M�/�B�i�B�Q�M���H �Q�MVi (s) � 0�X �G�2�i� � �#�2 �i�?�2

�+�m�i�Q�z �i�?���i �b�Q�H�p�2�b
Z

1 fV i (s) � � � g dFv(v) = Q :

�h�?�2�M�- �+�Q�M�b�m�K�2�` �r�2�H�7���`�2 �m�M�/�2�` �i�?�2 �T�H���M�M�2�`�ö�b ���H�H�Q�+���i�B�Q�M �2�[�m���H�b

W SP (s) =
Z �

Vi (s)
�

+
1 fV i (s) � � � g dFv(v) : �U�R�y�V

�e �1�b�i�B�K���i�B�Q�M ���M�/ �A�/�2�M�i�B�}�+���i�B�Q�M

�1�b�i�B�K���i�B�Q�M �H�2�p�2�`���;�2�b �i�?�2 �Q�#�b�2�`�p�2�/ �2�[�m�B�H�B�#�`�B�m�K �`�2���H�B�x���i�B�Q�M�b �Q�7 �b�?�Q�`�i���;�2�b�- �r���B�i �i�B�K�2�b�- ���M�/ �`�2�}�H�H

�/�2�+�B�b�B�Q�M�b�X �A�/�2�M�i�B�}�+���i�B�Q�M �+�Q�K�2�b �7�`�Q�K �p���`�B���i�B�Q�M �B�M �`�2�}�H�H �m�`�;�2�M�+�v ���+�`�Q�b�b �+�Q�M�b�m�K�2�`�b ���M�/ �b�?�Q�T�T�B�M�;

�+�Q�b�i�b ���+�`�Q�b�b �K���`�F�2�i�b �i�?���i �B�M�/�2�T�2�M�/�2�M�i�H�v �b�?�B�7�i �i�?�2 �#�2�M�2�}�i ���M�/ �+�Q�b�i �Q�7 �� �`�2�}�H�H ���i�i�2�K�T�i�X �h�Q �H�B�M�F

�Q�#�b�2�`�p�2�/ �`�2�}�H�H�b �i�Q �K�Q�/�2�H �T�`�B�K�B�i�B�p�2�b�- �r�2 �`�2�H�v �Q�M �b�2�p�2�`���H ���b�b�m�K�T�i�B�Q�M�b �Q�m�i�H�B�M�2�/ �#�2�H�Q�r�X

�9�k�a�m�T�T�Q�b�2 �i�?�2 �T�H���M�M�2�` �b�2�2�F�b �i�Q ���H�H�Q�+���i�2q > � �X �.�Q�B�M�; �b�Q �B�M �T�2�`�B�Q�/1 �r�Q�m�H�/ �+�`�2���i�2 �[�m�2�m�2�b ���M�/ �`�2�/�m�+�2
�`�2���H�B�x�2�/ �#�2�M�2�}�i�b�X �q�B�i�? �b�i���i�2�@�+�Q�M�i�B�M�;�2�M�i �`�B�;�?�i�b�- �i�?�2 �T�H���M�M�2�` �+���M �T�Q�b�i�T�Q�M�2 �i�v�T�2�@�* �+�Q�M�b�m�K�2�`�b �i�Q �T�2�`�B�Q�/2�-
���p�Q�B�/�B�M�; �[�m�2�m�2�b�X
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�e�X�R �S���`���K�2�i�`�B�x���i�B�Q�M

�*�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 �b�i�v�H�B�x�2�/ �7���+�i�b�- �r�2 �/�2�}�M�2 �T�2�`�B�Q�/1 ���b �i�?�2 �}�`�b�i �}�p�2 �/���v�b �Q�7 �i�?�2 �T���M�B�+�X

�� �i�v�T�2�@�� �+�Q�M�b�m�K�2�` �i�v�T�B�+���H�H�v �`�2�7�m�2�H�b �2�p�2�`�v �}�p�2 �/���v�b�X �h�v�T�2 �" �`�2�7�m�2�H�b �H�2�b�b �7�`�2�[�m�2�M�i�H�v �#�m�i �B�b

�T�`�2�/�B�+�i�2�/ �i�Q �`�2�7�m�2�H �/�m�`�B�M�; �i�?�2 �}�`�b�i �}�p�2 �/���v�b �Q�7 �i�?�2 �T���M�B�+�X �h�v�T�2 �* �T�`�2�/�B�+�i�2�/ �i�Q �`�2�}�H�H �B�M �b�B�t �Q�`

�K�Q�`�2 �/���v�b�X �h���#�H�2���k �`�2�T�Q�`�i�b �+�Q�M�b�m�K�2�` �+�?���`���+�i�2�`�B�b�i�B�+�b �#�v �m�`�;�2�M�+�v �i�v�T�2�X �P�M ���p�2�`���;�2�- �i�v�T�2�@��

�+�Q�M�b�m�K�2�`�b �b�T�2�M�/ �K�Q�`�2 ���i �;���b �b�i���i�B�Q�M�b ���M�/ �Q�p�2�`���H�H�- ���M�/ �i�?�2�v �`�2���H�B�x�2 �;�`�2���i�2�` �i�B�K�2 �b���p�B�M�;�b �7�`�Q�K

�+���` �i�`���p�2�H�X �"�v �+�Q�M�i�`���b�i�- �i�?�2 �i�v�T�2�b �H�Q�Q�F �b�B�K�B�H���` �B�M �T�`�B�Q�` �b�T�2�M�/�B�M�; �Q�M �Q�i�?�2�` �i�`���M�b�T�Q�`�i���i�B�Q�M�-

�i�?�2 �T�`�2�p���H�2�M�+�2 �Q�7 �r�Q�`�F�B�M�; �7�`�Q�K �?�Q�K�2�- ���M�/ �i�?�2 ���p���B�H���#�B�H�B�i�v �Q�7 �T�m�#�H�B�+ �i�`���M�b�T�Q�`�i���i�B�Q�M �B�M �i�?�2�B�`

�?�Q�K�2�@�G�a�P���X

�q�2 �K�Q�/�2�H �i�?�2 �p���H�m�2 �Q�7 �/�`�B�p�B�M�;�-vi �- ���M�/ �p���H�m�2 �Q�7 �i�B�K�2�-� i �- ���b �7�m�M�+�i�B�Q�M�b �Q�7 �Q�#�b�2�`�p�2�/ ���M�/

�m�M�Q�#�b�2�`�p�2�/ �+�Q�M�b�m�K�2�` �+�?���`���+�i�2�`�B�b�i�B�+�b�X �a�T�2�+�B�}�+���H�H�v�- �r�2 ���b�b�m�K�2 �i�?���i(vi ; � i ) �7�Q�H�H�Q�r �� �#�B�p���`�B���i�2

�H�Q�;�M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M�,

ln vi = �v + X 0
i � + � i �U�R�R�V

ln � i = �� + X 0
i 
 + � i ; �U�R�k�V

�r�?�2�`�2X i �B�b �i�?�2 �p�2�+�i�Q�` �Q�7 �+�Q�M�b�m�K�2�` �+�?���`���+�i�2�`�B�b�i�B�+�b �/�2�b�+�`�B�#�2�/ �B�M �h���#�H�2�R���M�/
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: �U�R�j�V

�q�2 ���b�b�m�K�2 �i�?���i�- �+�Q�M�/�B�i�B�Q�M���H �Q�MX i �- �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7(vi ; � i ) �B�b �+�Q�K�K�Q�M ���+�`�Q�b�b �K���`�F�2�i�b�X

�>�2�M�+�2�- ���M�v �+�`�Q�b�b�@�K���`�F�2�i �?�2�i�2�`�Q�;�2�M�2�B�i�v �B�b ���i�i�`�B�#�m�i�2�/ �i�Q �/�B�z�2�`�2�M�+�2�b �B�M �Q�#�b�2�`�p�2�/ �+�?���`���+�i�2�`�B�b�i�B�+�b

���H�Q�M�2�X ���b �M�2�B�i�?�2�`vi �M�Q�`� i �B�b �/�B�`�2�+�i�H�v �Q�#�b�2�`�p�2�/�- �r�2 �i�`�2���i �#�Q�i�? ���b �H���i�2�M�i �p���`�B���#�H�2�b�X �A�M �i�?�2

�2�b�i�B�K���i�B�Q�M�- �i�?�2�v �+���M �#�2 �i�?�Q�m�;�?�i �Q�7 ���b �`���M�/�Q�K �2�z�2�+�i�b�X�9�j

�6�Q�H�H�Q�r�B�M�; �i�?�2 ���b�b�m�K�T�i�B�Q�M �Q�7 �`���M�/�Q�K �`���i�B�Q�M�B�M�;�- �r�2 �K�Q�/�2�H �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �`�2�}�H�H �T�`�Q�#���#�B�H�B�i�v

���b �� �"�2�`�M�Q�m�H�H�B �/�`���r �r�B�i�? �i�?�2 �b�m�+�+�2�b�b �`���i�2 �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �Q�#�b�2�`�p�2�/ �b�2�p�2�`�B�i�v �Q�7 �b�?�Q�`�i���;�2�b �B�M

�� �K���`�F�2�i�X �A�M �T���`�i�B�+�m�H���`�- �r�2 ���b�b�m�K�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �T���`���K�2�i�`�B�+ �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �2�[�m�B�H�B�#�`�B�m�K

�b�?�Q�`�i���;�2�b ���M�/ �`���i�B�Q�M�B�M�;�-

qm = Pr( �`�2�}�H�Hi j ���i�i�2�K�T�ii = 1) = exp( �W m ) ; �U�R�9�V

�r�?�2�`�2Wm �/�2�M�Q�i�2�b �i�?�2 �b�?���`�2 �Q�7 �b�i���i�B�Q�M�@�/���v�b �r�B�i�? �� �T���`�i�B���H �b�?�Q�`�i���;�2 �B�M �K���`�F�2�im�- ���M�/�

�B�b �� �T���`���K�2�i�2�` �i�Q �#�2 �2�b�i�B�K���i�2�/�X �h�?�B�b �b�T�2�+�B�}�+���i�B�Q�M �2�M�b�m�`�2�b �i�?���i �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �T�`�Q�#���#�B�H�B�i�v

�2�[�m���H�b1 �B�M �K���`�F�2�i�b �r�B�i�?�Q�m�i �b�?�Q�`�i���;�2�b �UWm = 0�V ���M�/ �i�?���i �B�i �/�2�+�`�2���b�2�b �B�M �b�?�Q�`�i���;�2 �b�2�p�2�`�B�i�v

�9�j�6�Q�` �2�b�i�B�K���i�B�Q�M�- �r�2 �K�2���b�m�`�2 ���H�H �+�Q�p���`�B���i�2�b �B�MX i �B�M �/�2�p�B���i�B�Q�M�b �7�`�Q�K �i�?�2 �b���K�T�H�2 �K�2���M�X �h�?�m�b�- �i�?�2 �+�Q�M�b�i���M�i
�B�M �2���+�? �2�[�m���i�B�Q�M �B�b �i�?�2 �K�2���M �Q�7 �i�?�2 �/�2�T�2�M�/�2�M�i �p���`�B���#�H�2�X
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�7�Q�`� < 0�X
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Uigm (� ; X i ; Wm ; � m ) =

exp(�W m )
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Lg(~s) v(X i ; � i ) � � (X i ; � i ) � m

�
� � (X i ; � i ) c

| {z }
� �Uig

+ " im : �U�R�8�V
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�#�v� = f �v; � ; �� ; 
 ; � v; � � ; �; ~s; � g�X
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� igm = Pr( ���i�i�2�K�T�ii = 1) = exp( �Uigm ) =
�
1 + exp( �Uigm )
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�`�B�m�K �r���B�i �i�B�K�2�b ���M�/ �b�?�Q�`�i���;�2�b�c ���K�Q�M�; �i�?�Q�b�2 �r�?�Q ���i�i�2�K�T�i �� �`�2�}�H�H�- �`���i�B�Q�M�B�M�; �B�b �`���M�/�Q�K�X
�9�9�A�i �B�b �T�H���m�b�B�#�H�2 �i�?���i �+�Q�M�b�m�K�2�`�b �Q�p�2�`�b�i���i�2�/ �i�?�2 �i�`�m�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �/�2�H�B�p�2�`�v �/�B�b�`�m�T�i�B�Q�M�b �`�2�H���i�B�p�2 �i�Q �?�Q�r

�B�M�/�m�b�i�`�v �2�t�T�2�`�i�b �Q�` �i�?�2 �;�Q�p�2�`�M�K�2�M�i ���b�b�2�b�b�2�/ �i�?�2 �b�B�i�m���i�B�Q�M�X �h�?�B�b �B�b�- �?�Q�r�2�p�2�`�- �M�Q�i �B�M�+�Q�M�b�B�b�i�2�M�i �r�B�i�? �`���i�B�Q�M���H
�2�t�T�2�+�i���i�B�Q�M�b �;�B�p�2�M �i�?���i �+�Q�M�b�m�K�2�`�b �T�`�Q�#���#�H�v �?���/ �K�m�+�? �H�2�b�b �B�M�7�Q�`�K���i�B�Q�M ���p���B�H���#�H�2�X

�k�3



�U���j�V�1�t�Q�;�2�M�2�B�i�v�X�l�M�Q�#�b�2�`�p�2�/ �?�2�i�2�`�Q�;�2�M�2�B�i�v �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7 �K���`�F�2�i ���M�/ �i�v�T�2�- �K�2���M�B�M�;

(Wm ; � m ; gi ) ? (� i ; � i )�X

�U���9�V�a�m�T�T�Q�`�i �� �K���T�T�B�M�;�X�h�?�2�`�2 �B�b �b�m�{�+�B�2�M�i �Q�p�2�`�H���T �B�M �Q�#�b�2�`�p���#�H�2�bX i ���+�`�Q�b�b �m�`�;�2�M�+�v

�i�v�T�2�b ���M�/ �K���`�F�2�i�b�X �S�`�B�K�B�i�B�p�2�b �7�Q�H�H�Q�r �i�?�2 �K���T�T�B�M�;�bvi = v(X i ; � i ) ���M�/� i = � (X i ; � i )

�i�?���i ���`�2 �B�M�p���`�B���M�i ���+�`�Q�b�b �i�v�T�2�b ���M�/ �K���`�F�2�i�b�X

�q�2 ���H�H�Q�r �Uvi ; � i �V �i�Q �p���`�v �r�B�i�? �Q�#�b�2�`�p�2�/ �+�Q�M�b�m�K�2�` �+�?���`���+�i�2�`�B�b�i�B�+�bX i �- �#�m�i ���b�b�m�K�2 �i�?���i

�m�M�Q�#�b�2�`�p�2�/ �i���b�i�2�b�-(� i ; � i )�- ���`�2 �B�X�B�X�/�X ���M�/ �i�?���i �i�?�2�B�` �/�B�b�i�`�B�#�m�i�B�Q�M �B�b �B�M�p���`�B���M�i �i�QX i �X �h�?�m�b�-

�+�`�Q�b�b�@�K���`�F�2�i �+�Q�K�T���`�B�b�Q�M�b ���`�2 �p���H�B�/ �#�2�+���m�b�2 �K���`�F�2�i �b�?�Q�+�F�b(Wm ; � m ) ���`�2 ���b�@�;�Q�Q�/�@���b �`���M�/�Q�K

�`�2�H���i�B�p�2 �i�Q �m�M�Q�#�b�2�`�p�2�/ �i���b�i�2�b�- ���M�/ �r�B�i�?�B�M�@�K���`�F�2�i �+�`�Q�b�b�@�i�v�T�2 �+�Q�K�T���`�B�b�Q�M�b ���`�2 �p���H�B�/ �#�2�+���m�b�2

�i�v�T�2 �/�Q�2�b �M�Q�i �b�?�B�7�ivi �Q��̀ i �#�2�v�Q�M�/ �B�i�b �2�z�2�+�i �Q�MX i �X �q�2 �/�B�b�+�m�b�b �Q�m�` ���b�b�m�K�T�i�B�Q�M�b ���#�Q�m�i

�+�Q�M�b�m�K�2�`�b�ö �#�2�H�B�2�7�b �B�M �/�2�i���B�H �B�M �a�2�+�i�B�Q�M�e�X�8�X

�e�X�j �1�b�i�B�K���i�B�Q�M

�q�2 �2�b�i�B�K���i�2 �i�?�2 �K�Q�/�2�H �m�b�B�M�; �� �?�v�#�`�B�/ �T�`�Q�+�2�/�m�`�2 �i�?���i �+�Q�K�#�B�M�2�b �H�B�F�2�H�B�?�Q�Q�/ �b�+�Q�`�2 �K�Q�K�2�M�i�b�- �B�M

�i�?�2 �b�i�v�H�2 �Q�7 �� �;�2�M�2�`���H�B�x�2�/ �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b �U�:�J�J�V �2�b�i�B�K���i�Q�`�- �r�B�i�? �b�B�K�m�H���i�2�/ �K�Q�K�2�M�i�b

�Q�7 ���;�;�`�2�;���i�2 �`�2�}�H�H �b�?���`�2�b�- ���b �� �b�B�K�m�H���i�2�/ �K�2�i�?�Q�/ �Q�7 �K�Q�K�2�M�i�b �U�a�J�J�V �2�b�i�B�K���i�Q�`�X �"�v �b�i���+�F�B�M�;

�i�?�2�b�2 �K�Q�K�2�M�i�b�- �r�2 �2�M�b�m�`�2 �i�?���i �i�?�2 �K�Q�/�2�H �}�i�b �Q�#�b�2�`�p�2�/ �`�2�}�H�H �`���i�2�b �r�?�B�H�2 �T�`�2�b�2�`�p�B�M�; �i�?�2

�H�B�F�2�H�B�?�Q�Q�/�@�B�K�T�H�B�2�/ �+�m�`�p���i�m�`�2 �i�?���i �b�i���#�B�H�B�x�2�b �2�b�i�B�K���i�B�Q�M�X

�a�T�2�+�B�}�+���H�H�v�- �7�Q�` �2���+�? �+���M�/�B�/���i�2 �T���`���K�2�i�2�` �p�2�+�i�Q�`�̂ �- �r�2 �b�B�K�m�H���i�2 �`�2�}�H�H �T�`�Q�#���#�B�H�B�i�B�2�bpigm (�̂ )

���M�/ �7�Q�`�K �i�r�Q �b�2�i�b �Q�7 �K�Q�K�2�M�i�b�X �6�B�`�b�i�- �r�2 �B�M�+�H�m�/�2 �b�+�Q�`�2�@�i�v�T�2 �K�Q�K�2�M�i�b �#���b�2�/ �Q�M �i�?�2 ���p�2�`���;�2

�T�`�2�/�B�+�i�B�Q�M �2�`�`�Q�`�-yigm � pigm (�̂ )�X �a�2�+�Q�M�/�- �r�2 �7�Q�`�K ���;�;�`�2�;���i�2 �K�Q�K�2�M�i�b �i�?���i �K���i�+�? �`�2�}�H�H �b�?���`�2�b

�#�v �K���`�F�2�i ���M�/ �m�`�;�2�M�+�v �i�v�T�2�X �h�?�2 �2�b�i�B�K���i�Q�` �i�?�2�M �K�B�M�B�K�B�x�2�b �i�?�2 �K�2���M �b�[�m���`�2�/ �/�B�b�i���M�+�2

�#�2�i�r�2�2�M �2�K�T�B�`�B�+���H ���M�/ �K�Q�/�2�H�@�B�K�T�H�B�2�/ �K�Q�K�2�M�i�b�X �q�2 �/�2�b�+�`�B�#�2 �i�?�2 �K�Q�K�2�M�i �+�Q�M�/�B�i�B�Q�M�b �B�M

�/�2�i���B�H �B�M ���T�T�2�M�/�B�t�: �X

�e�X�9 �_�2�b�m�H�i�b

�h���#�H�2�k�T�`�2�b�2�M�i�b �i�?�2 �2�b�i�B�K���i�B�Q�M �`�2�b�m�H�i�b�X �6�Q�` �i�?�2 �p���H�m�2 �Q�7 �/�`�B�p�B�M�;�- �r�2 �2�b�i�B�K���i�2 �K���`�;�B�M���H �2�z�2�+�i�b

�+�Q�M�b�B�b�i�2�M�i �r�B�i�? �i�?�2 �M�Q�i�B�Q�M �i�?���ivi �`�2�~�2�+�i�b �+�Q�M�b�m�K�2�`�b�ö �`�2�H�B���M�+�2 �Q�M �/�`�B�p�B�M�;�, �B�i �B�b �B�M�+�`�2���b�B�M�;

�B�M �T�`�B�Q�` �;���b �b�i���i�B�Q�M �b�T�2�M�/�B�M�;�- ���p�2�`���;�2 �`�2�}�H�H �7�`�2�[�m�2�M�+�v�- ���M�/ �i�B�K�2 �b���p�2�/ �7�`�Q�K �/�`�B�p�B�M�;�X �A�M

���/�/�B�i�B�Q�M�-vi �B�b �/�2�+�`�2���b�B�M�; �B�M �i�Q�i���H �b�T�2�M�/�B�M�; ���M�/ �b�T�2�M�/�B�M�; �Q�M �Q�i�?�2�` �i�`���M�b�T�Q�`�i���i�B�Q�M �K�Q�/�2�b�-

�+�Q�M�b�B�b�i�2�M�i �r�B�i�? �H�Q�r�2�` �+�Q�b�i�b �Q�7 �b�m�#�b�i�B�i�m�i�B�M�; ���r���v �7�`�Q�K �/�`�B�p�B�M�;�X �h�?�2 �p���H�m�2 �Q�7 �i�B�K�2 �B�b �B�M�+�`�2���b�B�M�;

�B�M �i�?�2 �T�`�2�p���H�2�M�+�2 �Q�7 �r�Q�`�F �7�`�Q�K �?�Q�K�2�- �T�Q�i�2�M�i�B���H�H�v �`�2�~�2�+�i�B�M�; �i�?�2 �T�`�2�7�2�`�2�M�+�2�b �Q�7 �K�Q�`�2 ���|�m�2�M�i

�+�Q�M�b�m�K�2�`�b�X �A�M ���/�/�B�i�B�Q�M�- �r�2 �}�M�/ �i�?���i �+�Q�M�b�m�K�2�`�b �r�?�Q �`�2�}�H�H�H�2�b�b�7�`�2�[�m�2�M�i�H�v �7���+�2 �� �?�B�;�?�2�` �+�Q�b�i �i�Q

�r���B�i�B�M�;�- �+�Q�M�/�B�i�B�Q�M���H �Q�M �;���b �b�i���i�B�Q�M �b�T�2�M�/�B�M�;�X �P�p�2�`���H�H�- �Q�m�` �`�2�b�m�H�i�b �b�m�;�;�2�b�i �i�?���i �T���M�B�+ �#�m�v�B�M�;

�k�N



�h���#�H�2 �k�, �1�b�i�B�K���i�B�Q�M �`�2�b�m�H�i�b

ln vi �2�[�m���i�B�Q�M ln � i �2�[�m���i�B�Q�M

�*�Q�M�b�i���M�i �R�X�k�8�R�8 �U�y�X�R�d�8�d�V� ���R�X�j�8�j�3 �U�y�X�R�j�e�8�V�

�:���b �b�i���i�B�Q�M �b�T�2�M�/�B�M�; �y�X�e�N�e�3 �U�y�X�y�3�e�k�V� �y�X�R�j�8�e �U�y�X�R�y�k�8�V
���p�2�`���;�2 �/���v�b �#�2�i�r�2�2�M �`�2�}�H�H�b ���y�X�N�y�3�3 �U�y�X�y�3�d�j�V� �y�X�d�R�d�e �U�y�X�y�d�j�N�V�

�h�Q�i���H �b�T�2�M�/�B�M�; ���y�X�8�k�R�9 �U�y�X�y�d�e�8�V� ���y�X�e�R�e�y �U�y�X�R�y�d�e�V�

�P�i�?�2�` �i�`���M�b�T�Q�`�i���i�B�Q�M �b�T�2�M�/�B�M�; ���y�X�d�R�j�k �U�y�X�j�d�k�8�V ���y�X�j�3�3�e �U�y�X�j�8�N�y�V
�_�2�H���i�B�p�2 �i�B�K�2 �b���p�2�/ �7�`�Q�K �/�`�B�p�B�M�; �y�X�j�j�y�9 �U�y�X�R�R�y�8�V� �y�X�k�R�k�R �U�y�X�R�k�j�d�V
�>�Q�K�2�@�G�a�P�� �r�Q�`�F�B�M�; �7�`�Q�K �?�Q�K�2 �y�X�8�y�e�9 �U�y�X�j�8�8�e�V �R�X�e�3�e�j �U�y�X�k�k�8�R�V�

�S�m�#�H�B�+ �i�`���M�b�T�Q�`�i���i�B�Q�M ���p���B�H���#�B�H�B�i�v ���y�X�y�j�R�9 �U�y�X�R�e�d�9�V ���y�X�R�R�N�8 �U�y�X�k�9�y�9�V

�l�M�Q�#�b�2�`�p�2�/ �?�2�i�2�`�Q�;�2�M�2�B�i�v�- �a�. �j�X�d�N�y�d �U�y�X�R�j�d�y�V �j�X�d�e�d�N �U�y�X�R�k�j�8�V
�l�M�Q�#�b�2�`�p�2�/ �?�2�i�2�`�Q�;�2�M�2�B�i�v�- �+�Q�`�`�2�H���i�B�Q�M �y�X�j�N�3�3 �U�y�X�y�j�8�k�V

�_�2�b�m�T�T�H�v �#�2�H�B�2�7�-~s �y�X�9�8�k�R �U�y�X�y�y�j�8�V
�_���M�/�Q�K �`���i�B�Q�M�B�M�;�-� ���y�X�R�k�y�e �U�y�X�y�j�d�9�V

�L�Q�i�2�, �h���#�H�2 �`�2�T�Q�`�i�b �T�Q�B�M�i �2�b�i�B�K���i�2�b ���M�/ �b�i���M�/���`�/ �2�`�`�Q�`�b �Q�7 �i�?�2 �K�Q�/�2�H �T���`���K�2�i�2�`�X ���H�H �+�Q�p���`�B���i�2�b ���`�2 �K�2���b�m�`�2�/ �B�M �/�2�p�B���i�B�Q�M�b
�7�`�Q�K �i�?�2�B�` �b���K�T�H�2 �K�2���M�X �a�i���M�/���`�/ �2�`�`�Q�`�b �7�`�Q�K �R�y�y �#�Q�Q�i�b�i�`���T �b���K�T�H�2�b �+�H�m�b�i�2�`�2�/ ���i �i�?�2 �K���`�F�2�i �H�2�p�2�H�X� �a�B�;�M�B�}�+���M�i ���i �i�?�2 �8�W
�+�Q�M�}�/�2�M�+�2 �H�2�p�2�H�X

�B�b �`�2�;�`�2�b�b�B�p�2 �#�2�+���m�b�2 �H�Q�r�2�`�@�B�M�+�Q�K�2 �+�Q�M�b�m�K�2�`�b�- ���b �K�2���b�m�`�2�/ �#�v �i�Q�i���H �+���`�/ �b�T�2�M�/�B�M�;�- ���`�2 �K�Q�`�2

�`�2�H�B���M�i �Q�M �/�`�B�p�B�M�;���M�/�7���+�2 �?�B�;�?�2�` �i�B�K�2�@�`�2�H���i�2�/ �7�`�B�+�i�B�Q�M�b �B�M �Q�#�i���B�M�B�M�; �;���b�Q�H�B�M�2�X �h�?�B�b �}�M�/�B�M�;

�B�b �+�Q�M�b�B�b�i�2�M�i �r�B�i�? �2�t�B�b�i�B�M�; �2�p�B�/�2�M�+�2 �Q�M �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M���H �B�K�T���+�i�b �Q�7 �?�B�;�?�r���v �i�Q�H�H�B�M�;�- �r�?�B�+�?

�b�?�Q�r�b �i�?���i �H�Q�r�2�`�@�B�M�+�Q�K�2 �/�`�B�p�2�`�b �#�2�M�2�}�i �K�Q�b�i �7�`�Q�K �T�`�B�+�2�/ �i�Q�H�H �H���M�2�b �#�2�+���m�b�2 �i�?�2�v �/�`�B�p�2 �H�Q�M�;�2�`

�/�B�b�i���M�+�2�b ���M�/ �+���M ���+�?�B�2�p�2 �?�B�;�?�2�` �i�B�K�2 �b���p�B�M�;�b �U�*�Q�Q�F ���M�/ �G�B�k�y�k�8�V�X

�6�m�`�i�?�2�`�K�Q�`�2�- �r�2 �}�M�/ �i�?���i �m�M�Q�#�b�2�`�p�2�/ �?�2�i�2�`�Q�;�2�M�2�B�i�v �B�b �b�m�#�b�i���M�i�B���H ���M�/ �2�[�m���H�H�v �B�K�T�Q�`�i���M�i

�7�Q�` �#�Q�i�? �i�?�2 �p���H�m�2 �Q�7 �/�`�B�p�B�M�; ���M�/ �i�?�2 �p���H�m�2 �Q�7 �i�B�K�2�X �h�?�B�b �B�b �i�`�m�2 �B�M ���#�b�Q�H�m�i�2 �i�2�`�K�b �U�̂ v = 3:79

���M�/̂� � = 3:77�V ���M�/ �`�2�H���i�B�p�2 �i�Q �i�?�2 �U���#�b�Q�H�m�i�2�V �K�2���M �U3:03 ���M�/2:79�- �`�2�b�T�2�+�i�B�p�2�H�v�V�X �a�B�K�B�H���`�H�v�-
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�L�Q�i�2�, �6�B�;�m�`�2 �b�?�Q�r�b �i�?�2 �[�m���`�i�2�`�H�v �M�m�K�#�2�` �Q�7 �L�2�r �u�Q�`�F �h�B�K�2�b ���`�i�B�+�H�2�b �K�2�M�i�B�Q�M�B�M�; �� �i�2�`�K �`�2�H���i�2�/ �i�Q �T���M�B�+ �#�m�v�B�M�;�- �i�Q�;�2�i�?�2�` �r�B�i�?
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�R�8 �i�Q �P�+�i�Q�#�2�` �j�R�- �k�y�k�R�X �a���H�2�b ���M�/ �/�2�H�B�p�2�`�B�2�b ���`�2 �K�2���b�m�`�2�/ �B�M �i�?�Q�m�b���M�/�b �Q�7 �H�B�i�2�`�b�c �B�M�p�2�M�i�Q�`�v �H�2�p�2�H�b ���`�2 �`�2�T�Q�`�i�2�/ ���b �i�?�2 �T�2�`�+�2�M�i
�Q�7 �i���M�F �+���T���+�B�i�v �}�H�H�2�/�X �.���i�� ���`�2 �T�m�#�H�B�b�?�2�/ �#�v �i�?�2 �l�E �.�2�T���`�i�K�2�M�i �7�Q�` �1�M�2�`�;�v �a�2�+�m�`�B�i�v ���M�/ �L�2�i �w�2�`�Q �U�.�1�a�L�w�V�X �6�Q�` �K�Q�`�2
�B�M�7�Q�`�K���i�B�Q�M�- �b�2�2�P�{�+�B���H �b�i���i�B�b�i�B�+�b �B�M �/�2�p�2�H�Q�T�K�2�M�i �Q�M ���p�2�`���;�2 �`�Q���/ �7�m�2�H �b���H�2�b�- �/�2�H�B�p�2�`�B�2�b ���M�/ �b�i�Q�+�F �H�2�p�2�H�b �U�K�Q�M�i�?�H�v �/���i���V�X �G���b�i
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���T�T�2�M�/�B�t �6�B�;�m�`�2 ���j�, �_�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �K���`�F�2�i�@�H�2�p�2�H �b�?�Q�`�i���;�2 �b�2�p�2�`�B�i�v ���M�/ �B�M�B�i�B���H �T�2�i�`�Q�H
�B�M�p�2�M�i�Q�`�v �H�2�p�2�H

�U���V �S���`�i�B���H �b�?�Q�`�i���;�2�b �p�b �B�M�B�i�B���H �T�2�i�`�Q�H �B�M�p�2�M�i�Q�`�v�U�"�V �6�m�H�H �b�?�Q�`�i���;�2�b �p�b �B�M�B�i�B���H �T�2�i�`�Q�H �B�M�p�2�M�i�Q�`�v

�L�Q�i�2�, �6�B�;�m�`�2 �b�?�Q�r�b �i�?�2 �#�B�@�p���`�B���i�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �K���`�F�2�i�@�H�2�p�2�H �b�?�Q�`�i���;�2 �b�2�p�2�`�B�i�v �U�v�@���t�B�b�V ���M�/ �B�M�B�i�B���H �T�2�i�`�Q�H �B�M�p�2�M�i�Q�`�v �H�2�p�2�H
�U�t�@���t�B�b�V�X �S���M�2�H �U���V �b�?�Q�r�b �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �7�Q�` �Q�m�` �T���`�i�B���H �b�?�Q�`�i���;�2 �b�2�p�2�`�B�i�v �K�2���b�m�`�2�X �>�2�`�2�- �2���+�? �/�Q�i �`�2�T�`�2�b�2�M�i�b �Q�M�2 �i�`���p�2�H�@�i�Q�@�r�Q�`�F
���`�2���X �S���M�2�H �U�"�V �T�H�Q�i�b �i�?�2 �K���`�F�2�i�@�H�2�p�2�H �T�2�`�+�2�M�i �Q�7 �b�i���i�B�Q�M�@�/���v�b �r�B�i�? ���7�m�H�H�b�?�Q�`�i���;�2 �/�m�`�B�M�; �i�?�2 �}�`�b�i �}�p�2 �/���v�b �Q�7 �i�?�2 �T���M�B�+ ���;���B�M�b�i
�i�?�2 �K���`�F�2�i�@���p�2�`���;�2 �B�M�B�i�B���H �T�2�i�`�Q�H �B�M�p�2�M�i�Q�`�v �H�2�p�2�H�X �1���+�? �/�Q�i �`�2�T�`�2�b�2�M�i�b �Q�M�2 �i�`���p�2�H�@�i�Q�@�r�Q�`�F ���`�2���X �6�B�;�m�`�2�b �H�B�b�i �i�?�2 �b�H�Q�T�2 �+�Q�2�{�+�B�2�M�i�-
�b�i���M�/���`�/ �2�`�`�Q�`�- ���M�/R2 �Q�7 �#�B�@�p���`�B���i�2 �P�G�a �`�2�;�`�2�b�b�B�Q�M�b�X �q�2 �Q�K�B�i �8 �K���`�F�2�i�b �/�m�2 �i�Q �B�M�b�m�{�+�B�2�M�i �/���i���X
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���T�T�2�M�/�B�t �6�B�;�m�`�2 ���9�, �a�?�Q�`�i���;�2 �b�2�p�2�`�B�i�v ���M�/ �B�M�B�i�B���H �/�B�2�b�2�H �B�M�p�2�M�i�Q�`�v ���i �K���`�F�2�i �H�2�p�2�H

�U���V �a�i���i�B�Q�M�@�/���v�b �r�B�i�? �7�m�H�H �b�?�Q�`�i���;�2�U�"�V �A�M�B�i�B���H �/�B�2�b�2�H �B�M�p�2�M�i�Q�`�v �H�2�p�2�H�b

�L�Q�i�2�, �6�B�;�m�`�2 �b�?�Q�r�b �b�2�p�2�`�B�i�v �Q�7 �b�?�Q�`�i���;�2�b ���M�/ �B�M�B�i�B���H �/�B�2�b�2�H �B�M�p�2�M�i�Q�`�v �H�2�p�2�H ���i �i�?�2 �K���`�F�2�i �H�2�p�2�H�X �S���M�2�H �U���V �b�?�Q�r�b �� �K���T �Q�7
�h�h�q���b �B�M �1�M�;�H���M�/�- �+�Q�H�Q�`�2�/ ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �T�2�`�+�2�M�i �Q�7 �b�i���i�B�Q�M�@�/���v�b �r�B�i�? �� �7�m�H�H �b�?�Q�`�i���;�2 �/�m�`�B�M�; �i�?�2 �}�`�b�i �}�p�2 �/���v�b �Q�7 �i�?�2 �T���M�B�+�-
�`���M�;�B�M�; �7�`�Q�K �H�Q�r �U�v�2�H�H�Q�r�V �i�Q �?�B�;�? �U�#�H���+�F�V�X �S���M�2�H �U�"�V �b�?�Q�r�b �i�?�2 �b���K�2 �K���T �r�B�i�? �K���`�F�2�i�b �+�Q�H�Q�`�2�/ ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 ���p�2�`���;�2 �b�i���i�B�Q�M
�B�M�p�2�M�i�Q�`�v �H�2�p�2�H �7�Q�` �/�B�2�b�2�H �Q�M �a�2�T�i�2�K�#�2�` �k�k�- �k�y�k�R�- �Q�M �� �b�+���H�2 �7�`�Q�K �?�B�;�? �U�v�2�H�H�Q�r�V �i�Q �H�Q�r �U�#�H���+�F�V�X �A�M�p�2�M�i�Q�`�v �H�2�p�2�H�b ���`�2 �`�2�T�Q�`�i�2�/ �B�M
�T�2�`�+�2�M�i �Q�7 �i���M�F �+���T���+�B�i�v �}�H�H�2�/�X �q�2 �Q�K�B�i �8 �K���`�F�2�i�b �/�m�2 �i�Q �B�M�b�m�{�+�B�2�M�i �/���i�� �U�r�?�B�i�2�V�X
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���T�T�2�M�/�B�t �6�B�;�m�`�2 ���8�, �S���`�i�B���H �+�Q�`�`�2�H���i�B�Q�M�b �Q�7 �K���`�F�2�i �+�?���`���+�i�2�`�B�b�i�B�+�b �r�B�i�? �b���H�2�b �b�?�Q�+�F ���M�/
�b�?�Q�`�i���;�2�b

�U���V �J�2�/�B���M �b���H�2�b �b�?�Q�+�F �Q�M �}�`�b�i �/���v �Q�7 �T���M�B�+

�U�"�V �a�i���i�B�Q�M�@�/���v�b �r�B�i�? �b�?�Q�`�i���;�2 �/�m�`�B�M�; �}�`�b�i �}�p�2 �/���v�b �Q�7 �T���M�B�+

�L�Q�i�2�, �6�B�;�m�`�2 �b�?�Q�r�b �T���`�i�B���H �+�Q�`�`�2�H���i�B�Q�M�b �Q�7 �K���`�F�2�i �+�?���`���+�i�2�`�B�b�i�B�+�b �r�B�i�? �K���`�F�2�i�@�H�2�p�2�H �b���H�2�b �b�?�Q�+�F �U�S���M�2�H �U���V�V ���M�/ �b�?�Q�`�i���;�2 �b�2�p�2�`�B�i�v
�U�S���M�2�H �U�"�V�V�X �1���+�? �T���M�2�H �b�?�Q�r�b �i�?�2 �+�Q�2�{�+�B�2�M�i�b ���M�/ �N�8�W �+�Q�M�}�/�2�M�+�2 �B�M�i�2�`�p���H�b �Q�7 �� �H�B�M�2���` �`�2�;�`�2�b�b�B�Q�M �Q�7 �i�?�2 �K���`�F�2�i�@�H�2�p�2�H �Q�m�i�+�Q�K�2
�Q�M �� �b�2�`�B�2�b �Q�7 �K���`�F�2�i �+�?���`���+�i�2�`�B�b�i�B�+�b�X �A�M �S���M�2�H �U���V�- �i�?�2 �/�2�T�2�M�/�2�M�i �p���`�B���#�H�2 �B�b �i�?�2 �K�2�/�B���M �;���b �b�i���i�B�Q�M �b���H�2�b �b�?�Q�+�F �B�M �� �K���`�F�2�i
�Q�M �i�?�2 �}�`�b�i �/���v �Q�7 �i�?�2 �T���M�B�+�X �A�M �S���M�2�H �U�"�V�- �i�?�2 �/�2�T�2�M�/�2�M�i �p���`�B���#�H�2 �B�b �i�?�2 �b�?���`�2 �Q�7 �b�i���i�B�Q�M�@�/���v�b �r�B�i�? �� �7�m�H�H �U�T�m�`�T�H�2�V �Q�` �T���`�i�B���H
�U�i�2���H�V �b�?�Q�`�i���;�2 �/�m�`�B�M�; �i�?�2 �}�`�b�i �}�p�2 �/���v�b �Q�7 �i�?�2 �T���M�B�+�X �J���`�F�2�i �+�?���`���+�i�2�`�B�b�i�B�+�b �B�M�+�H�m�/�2 �B�M�/�B�+���i�Q�`�b �7�Q�` �`�m�`���H�f�m�`�#���M �+�H���b�b�B�}�+���i�B�Q�M
�U�Q�K�B�i�i�2�/ �+���i�2�;�Q�`�v�, �H���`�;�2 �i�Q�r�M�V�- �/�B�b�i���M�+�2 �i�Q �i�?�2 �+�H�Q�b�2�b�i �7�m�2�H �b�i�Q�`���;�2 �+�B�i�2 �7�`�Q�K �i�?�2 �T�Q�T�m�H���i�B�Q�M�@�r�2�B�;�?�i�2�/ �K���`�F�2�i �+�2�M�i�`�Q�B�/�- �b�?���`�2
�Q�7 �"�S �b�i���i�B�Q�M�b�- �B�M�B�i�B���H �T�2�i�`�Q�H �B�M�p�2�M�i�Q�`�v �H�2�p�2�H�- ���p�2�`���;�2 �+�Q�M�b�m�K�2�` �b�T�2�M�/�B�M�; �B�M �T�`�2�@�T�2�`�B�Q�/�- ���M�/ ���p�2�`���;�2 �;���b �b�i���i�B�Q�M �b�T�2�M�/�B�M�; �B�M
�T�2�`�@�T�2�`�B�Q�/�X �P�m�i�+�Q�K�2�b ���M�/ �+�Q�M�i�B�M�m�Q�m�b �+�?���`���+�i�2�`�B�b�i�B�+�b ���`�2 �b�i���M�/���`�/�B�x�2�/ �#�2�7�Q�`�2 �2�b�i�B�K���i�B�Q�M �b�m�+�? �i�?���i �+�Q�2�{�+�B�2�M�i�b �`�2�T�`�2�b�2�M�i �i�?�2
�2�z�2�+�i �Q�7 �� �Q�M�2 �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M �B�M�+�`�2���b�2�X �q�2 �Q�K�B�i �8 �K���`�F�2�i�b �/�m�2 �i�Q �B�M�b�m�{�+�B�2�M�i �/���i���X
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�U���V �a�i���i�B�Q�M�@�H�2�p�2�H �T�`�B�+�2 �+�?���M�;�2�b ���7�i�2�` �R�y �/���v�b�U�"�V ���p�2�`���;�2 �T�`�B�+�2 �+�?���M�;�2�b ���M�/ �+�`�m�/�2 �Q�B�H �T�`�B�+�2

�L�Q�i�2�, �6�B�;�m�`�2 �B�H�H�m�b�i�`���i�2�b �b�i���i�B�Q�M�@ ���M�/ �K���`�F�2�i�@�H�2�p�2�H �T�`�B�+�2 �+�?���M�;�2�b �#�v �b�?�Q�`�i���;�2 �b�2�p�2�`�B�i�v�X �S���M�2�H �U���V �T�H�Q�i�b �+�?���M�;�2�b �B�M �;���b �b�i���i�B�Q�M
�T�2�i�`�Q�H �T�`�B�+�2�b �U�B�M � �f�H�B�i�2�`�V �7�`�Q�K �k �/���v�b �#�2�7�Q�`�2 �i�Q �R�y �/���v�b ���7�i�2�` �i�?�2 �b�i���`�i �Q�7 �i�?�2 �T���M�B�+�- ���;���B�M�b�i �i�?�2 �K���`�F�2�i�@�H�2�p�2�H �T�2�`�+�2�M�i �Q�7 �b�i���i�B�Q�M�@
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�P�M�H�v �j�e�d �b�i���i�B�Q�M�b�- �Q�r�M�2�/ �#�v �i�?�2 �1�: �:�`�Q�m�T ���M�/ �Q�T�2�`���i�B�M�; �m�M�/�2�` �i�?�2 �"�S�- �1�b�b�Q�- �Q�` �h�2�t���+�Q �#�`���M�/�b�- �B�K�T�Q�b�2�/
�� � �j�y �T�2�` �}�H�H �+���T �i�Q �2�M�b�m�`�2 �+�m�b�i�Q�K�2�`�b �ó�?���p�2 �� �7���B�` �+�?���M�+�2 �i�Q �`�2�7�m�2�H�ô �U�J�m�M�#�Q�/�?�k�y�k�R�V�X

�9�N�*�?���M�;�2�b �B�M �i�?�2 �i�?�B�`�/ �/�2�+�B�b�B�Q�M �K���`�;�B�M���i�?�2 �b�i���i�B�Q�M �+�?�Q�B�+�2�����`�2 �H�2�7�i �i�Q �7�m�i�m�`�2 �r�Q�`�F�X
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�1 �J�Q�/�2�H �/�2�i���B�H�b

�"�2�H�Q�r�- �r�2 �Q�m�i�H�B�M�2 �+�Q�M�b�m�K�2�`�b�ö ���i�i�2�K�T�i �/�2�+�B�b�B�Q�M�b �#�v �+�Q�K�T���`�B�M�; �i�?�2 �2�t�T�2�+�i�2�/ �m�i�B�H�B�i�v �Q�7 ���i�@
�i�2�K�T�i�B�M�; �� �`�2�}�H�H �i�Q �i�?���i �Q�7 �r���B�i�B�M�;�X

�6�Q�` �� �+�Q�M�b�m�K�2�` �Q�7 �i�v�T�2A�- �i�?�2 ���i�i�2�K�T�i �/�2�+�B�b�B�Q�M �B�b �b�i���i�B�+�X �a�?�2 �/�2�+�B�/�2�b �i�Q ���i�i�2�K�T�i �B�7 �i�?�2
�2�t�T�2�+�i�2�/ �m�i�B�H�B�i�v �2�t�+�2�2�/�b �i�?���i �Q�7 �r���B�i�B�M�;�-

q(n) (vi � � i � (n)) � � i c + "1i � "0i

�� �`�2�}�H�H ���i�i�2�K�T�i �B�b �b�m�+�+�2�b�b�7�m�H �r�B�i�? �T�`�Q�#���#�B�H�B�i�vq(n)�- �B�M �r�?�B�+�? �+���b�2 �b�?�2 �;���B�M�b �?�2�` �p���H�m�2 �Q�7
�/�`�B�p�B�M�; �#�m�i �?���b �i�Q �T���v �i�?�2 �r���B�i�B�M�; �+�Q�b�i�X �A�M ���M�v �+���b�2�- �b�?�2 �T���v�b �i�?�2 �}�t�2�/ �+�Q�b�i �Q�7 ���M ���i�i�2�K�T�i�-
c�X �q�2 �M�Q�`�K���H�B�x�2 �i�?�2 �m�i�B�H�B�i�v �7�`�Q�K �M�Q ���i�i�2�K�T�i �i�Q �x�2�`�Q ���M�/ ���b�b�m�K�2" ij �7�Q�H�H�Q�r�b ���MEV (0; 1)
�/�B�b�i�`�B�#�m�i�B�Q�M�X �_�2���`�`���M�;�B�M�; �v�B�2�H�/�b �2�[�m���i�B�Q�M �U�j�V�X

�6�Q�` �� �i�v�T�2�@B �+�Q�M�b�m�K�2�`�- �i�?�2 �`�2�}�H�H �/�2�+�B�b�B�Q�M �B�b �/�v�M���K�B�+ �#�2�+���m�b�2 �i�?�2 �;���b �i���M�F �H���b�i �i�r�Q
�T�2�`�B�Q�/�b�X �h�?�2 ���i�i�2�K�T�i �/�2�+�B�b�B�Q�M �B�b �;�B�p�2�M �#�v

q(n) ((1 + � ) vi � � i � (n)) � � i c + (1 � q(n)) ~s� (1 + � ) vi + "1i � ~s� (1 + � ) vi + "0i

�A�M �+���b�2 �Q�7 �� �b�m�+�+�2�b�b�7�m�H ���i�i�2�K�T�i�- �b�?�2 �`�2�+�2�B�p�2�b �i�r�B�+�2 �i�?�2 �p���H�m�2 �Q�7 �/�`�B�p�B�M�; �U�/�B�b�+�Q�m�M�i�2�/ ���+�`�Q�b�b
�T�2�`�B�Q�/�b�V ���M�/ �T���v�b �i�?�2 �r���B�i�B�M�; �+�Q�b�i�X �A�M �+���b�2 �Q�7 �� �7���B�H�2�/ ���i�i�2�K�T�i�- �b�?�2 �H�Q�b�2�b �Q�m�i �Q�M �m�b�B�M�; �?�2�`
�+���` �B�M �T�2�`�B�Q�/1�- �#�m�i �+���M �`�2�}�H�H �B�M �T�2�`�B�Q�/2 �r�B�i�? �T�`�Q�#���#�B�H�B�i�vs�X �A�M �i�?���i �+���b�2�- �b�?�2 �`�2�+�2�B�p�2�b �?�2�`
�p���H�m�2 �Q�7 �/�`�B�p�B�M�; �B�M �T�2�`�B�Q�/2 ���b �r�2�H�H ���b �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2 �Q�7 �;���b �Q�M �?���M�/�-� v i �X �h�?�B�b ���H�b�Q
�/�2�b�+�`�B�#�2�b �?�2�` �2�t�T�2�+�i�2�/ �m�i�B�H�B�i�v �Q�7 �r���B�i�B�M�;�X

�6�Q�` �� �i�v�T�2�@C �+�Q�M�b�m�K�2�`�- �i�?�2 ���i�i�2�K�T�i �/�2�+�B�b�B�Q�M �B�b �;�B�p�2�M �#�v

q(n) ((1 + � ) vi � � i � (n)) � � i c + (1 � q(n)) ( vi + s� (1 + � ) vi ) + "1i

� vi + s� (1 + � ) vi + "0i

�h�?�2 ���i�i�2�K�T�i �/�2�+�B�b�B�Q�M �H�Q�Q�F�b �b�B�K�B�H���` �i�Q �i�v�T�2�@B�- �2�t�+�2�T�i �i�?���i �� �7���B�H�2�/ ���i�i�2�K�T�i �Q�` �r���B�i�B�M�; �v�B�2�H�/�b
�i�?�2 ���/�/�B�i�B�Q�M���H �p���H�m�2 �Q�7 �/�`�B�p�B�M�; �B�M �T�2�`�B�Q�/1�X

�6 �J�Q�/�2�H �B�/�2�M�i�B�}�+���i�B�Q�M

�h�?�B�b �b�2�+�i�B�Q�M �Q�m�i�H�B�M�2�b �i�?�2 �7�Q�`�K���H �B�/�2�M�i�B�}�+���i�B�Q�M ���`�;�m�K�2�M�i �B�M �i�?�2 �B�/�2���H �i�?�Q�m�;�?�i �2�t�T�2�`�B�K�2�M�i�X
�A�M �i�?�B�b �2�t�2�`�+�B�b�2�- �r�2 ���b�b�m�K�2 �i�?���i �r�2 �+���M �Q�#�b�2�`�p�2 �i�?�2 ���i�i�2�K�T�i �Q�` �`�2�}�H�H �T�`�Q�#���#�B�H�B�i�v �Q�7 �i�?�2
�b���K�2 �+�Q�M�b�m�K�2�`���b���K�2 �Uvi ; � i �V�����+�`�Q�b�b �m�`�;�2�M�+�v �i�v�T�2�b�-g 2 �&���-�"�-�*�'�- ���M�/ ���+�`�Q�b�b �K���`�F�2�i�b �r�B�i�?
�/�B�z�2�`�2�M�i �H�2�p�2�H�b �Q�7 �b�?�Q�T�T�B�M�; �+�Q�b�i�b�-(� m ; qm )�X �q�2 �7�m�`�i�?�2�` ���b�b�m�K�2 �i�?���i �i�?�2 �M�2�r�b �b�?�Q�+�F �B�b �m�M���M�@
�i�B�+�B�T���i�2�/ �b�?�B�7�i�b �#�2�H�B�2�7�b �m�M�B�7�Q�`�K�H�v �i�Q~s�X

�q�B�i�? �B�X�B�X�/�X �h�R�1�o �2�`�`�Q�`�b�- �i�?�2 ���i�i�2�K�T�i �T�`�Q�#���#�B�H�B�i�v �B�b

� igm = exp( �Uigm )=
�
1 + exp( �Uigm )

�
; �Uigm = qm

�
Lg(~s) vi � � i � m

�
� � i c ;

�e�e



���M�/ �i�?�2���i�i�2�K�T�i �H�Q�;�@�Q�/�/�b�2�[�m���H�b

`g;m(i ) � log
� igm

1 � � igm
= �Uigm :

�*���b�2 �R�, ���i�i�2�K�T�i�b ���M�/ �+�Q�M�/�B�i�B�Q�M���H �b�m�+�+�2�b�b �T�`�Q�#���#�B�H�B�i�B�2�b ���`�2 �Q�#�b�2�`�p�2�/�X

�A�/�2�M�i�B�7�v�B�M�;vi �X���q�B�i�?`g;m(i ) ���M�/qm �Q�#�b�2�`�p�2�/�- �r�2 �+���M �b�Q�H�p�2 �7�Q�` �i�?�2 �p���H�m�2 �Q�7 �/�`�B�p�B�M�;�-vi �- �#�v
�+�Q�K�T���`�B�M�; �i�?�2 ���i�i�2�K�T�i �H�Q�;�@�Q�/�/�b �Q�7 �i�?�2 �h�v�T�2 �" ���M�/ �h�v�T�2 �*�X �A�M �i�?�2 �b���K�2 �K���`�F�2�i�- �i�?�2 �i�B�K�2
�+�Q�b�i� i � m �B�b �B�/�2�M�i�B�+���H ���+�`�Q�b�b �m�`�;�2�M�+�v �i�v�T�2�b�X �h�?�m�b�- �#�v �i���F�B�M�; �i�?�2 �"�@�* �/�B�z�2�`�2�M�+�2�- �r�2 �;�2�i

`B;m (i ) � `C;m (i ) = qm
�
LB � LC

�
vi = qm vi ) vi =

`B;m (i ) � `C;m (i )
qm

;

�H�2�p�2�`���;�B�M�; �i�?�2 �7���+�i �i�?���iLB (~s) � LC (~s) = 1 8~s�X

�A�/�2�M�i�B�7�v�B�M�;� i �X���h�Q �B�/�2�M�i�B�7�v� i �- �r�2 �+���M �m�b�2 �i�?�2 ���i�i�2�K�T�i �H�Q�;�@�Q�/�/�b �Q�7 �h�v�T�2 ���X �A�M �i�?�2 �b���K�2
�K���`�F�2�im�-

`A;m (i ) = qm
�
vi � � i � m

�
� � i c ) � i =

qm vi � `A;m (i )
qm � m + c

:

�h�?�m�b�-(vi ; � i ) ���`�2 �T�Q�B�M�i�@�B�/�2�M�i�B�}�2�/ �7�`�Q�K �U���-�"�-�*�V �r�B�i�?�B�M �� �b�B�M�;�H�2 �K���`�F�2�i�X

�A�/�2�M�i�B�7�v�B�M�;~s�X���A�/�2�M�i�B�}�+���i�B�Q�M �Q�7 �i�?�2 �`�2�b�m�T�T�H�v �#�2�H�B�2�7~s �`�2�H�B�2�b �Q�M �i�?�2 �ó�2�t�+�H�m�b�B�Q�M �`�2�b�i�`�B�+�i�B�Q�M�ô
�i�?���i �h�v�T�2 ���ö�b ���i�i�2�K�T�i �/�2�+�B�b�B�Q�M �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7~s ���M�/ �Q�M �i�?�2 �7�m�M�+�i�B�Q�M���H �`�2�H���i�B�Q�M�b�?�B�TLC =
LB � 1�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �+���M �7�Q�`�K �i�?�2 �7�Q�H�H�Q�r�B�M�; �`���i�B�Q �Q�7 �/�B�z�2�`�2�M�+�2�b �B�M ���i�i�2�K�T�i �H�Q�;�@�Q�/�/�b�-

`B;m (i ) � `A;m (i ) = qm
�
LB (~s) � 1

�
vi = qm LC (~s) vi ;

`B;m (i ) � `A;m (i )
`B;m (i ) � `C;m (i )

= LC (~s) = �
�
1 � (1 + � )~s

�
;

���M�/ �b�Q�H�p�2 �7�Q�`~s�-

~s =
1

(1 + � )
�
�

1 �
1
�

�
`B;m � `A;m

`B;m � `C;m

�
:

�A�M�i�m�B�i�B�p�2�H�v�- �i�?�2 �"�@�� �;���T �+���T�i�m�`�2�b �i�?�2 �ó�B�M�b�m�`���M�+�2 �+�Q�K�T�Q�M�2�M�i�ô �Q�7 �`�2�}�H�H�B�M�; �2���`�H�v�c �M�Q�`�K���H�B�x�B�M�;
�#�v �i�?�2 �"�@�* �;���T �`�2�K�Q�p�2�bqmvi ���M�/ �K���T�b �Q�M�2�@�7�Q�`�@�Q�M�2 �B�M�i�Q~s�X �L�Q�i���#�H�v�- �`�2�+�Q�p�2�`�B�M�; �i�?�2 �`�2�b�m�T�T�H�v
�#�2�H�B�2�7 �/�Q�2�b �M�Q�i �`�2�H�v �Q�M �F�M�Q�r�B�M�;qm �Q�(̀vi ; � i )�X

�*���b�2 �k�, ���i�i�2�K�T�i�b ���`�2 �M�Q�i �Q�#�b�2�`�p�2�/�c �+�Q�M�/�B�i�B�Q�M���H �b�m�+�+�2�b�b �T�`�Q�#���#�B�H�B�i�B�2�b ���`�2 �M�Q�i
�Q�#�b�2�`�p�2�/�X

�A�M �i�?�2 �/���i�� �r�2 �/�Q �M�Q�i �Q�#�b�2�`�p�2 �`�2�}�H�H ���i�i�2�K�T�i�b�X �A�M�b�i�2���/�- �m�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M �Q�7 �`���M�/�Q�K
�`���i�B�Q�M�B�M�;�- �r�2 �Q�#�b�2�`�p�2 �b�m�+�+�2�b�b�7�m�H �`�2�}�H�H�b�- �r�?�B�+�? �?���T�T�2�M �r�B�i�? �T�`�Q�#���#�B�H�B�i�vpigm = � igm qm �X

�e�d



�A�7qm �r�2�`�2 �F�M�Q�r�M�- �r�2 �+���M �/�2�}�M�2 �i�?�2q�@���/�D�m�b�i�2�/ �H�Q�;�B�i

~̀
g;m(i ) � log

pigm

qm � pigm
= log

� igm

1 � � igm
= �Uigm

���M�/ ���H�H �B�/�2�M�i�B�}�+���i�B�Q�M �b�i�2�T�b ���#�Q�p�2 �?�Q�H�/ �r�B�i�?` �`�2�T�H���+�2�/ �#�v~̀�X
�>�Q�r�2�p�2�`�- �#�2�+���m�b�2qm �B�b �M�Q�i �Q�#�b�2�`�p�2�/�- �r�2 �`�2�H�v �Q�M �i�?�2 �T���`���K�2�i�`�B�+ �K���T�T�B�M�; �#�2�i�r�2�2�M �b�?�Q�`�i�@

���;�2 �b�2�p�2�`�B�i�v�-Wm �- ���M�/ �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �b�m�+�+�2�b�b �T�`�Q�#���#�B�H�B�i�v�X �A�M �T���`�i�B�+�m�H���`�- �r�2 ���b�b�m�K�2 �� �7�m�M�+�@
�i�B�Q�M���H �`�2�H���i�B�Q�M�b�?�B�Tqm = q(Wm ; � )�- �r�B�i�?q(0) = 1 ���M�/q0

� < 0�X �h�?�2�M�- �r�2 �+���M �/�2�}�M�2 �i�?�2
q�@���/�D�m�b�i�2�/ �H�Q�;�B�i ���b �� �7�m�M�+�i�B�Q�M �Q�7� �-

~̀
igm (i ; � ) � log

pigm

q(Wm ; � ) � pigm
:

�h�Q �`�2�+�Q�p�2�` �i�?�2 �T���`���K�2�i�2�`� �- �r�2 �M�2�2�/ �i�?�`�2�2 �K���`�F�2�i�bm 2 f 1; 2; 3g �r�B�i�? �/�B�b�i�B�M�+�i �p���H�m�2�b �7�Q�`
Wm �X �6�Q�` �2���+�? �+���M�/�B�/���i�2 �T���`���K�2�i�2�` �p���H�m�2� ���M�/ �+�Q�M�b�m�K�2�`i �- �/�2�}�M�2

D B� C
12 (i ) �

� ~̀
B; 1(i; � ) � ~̀

B; 2(i; � )
�

�
� ~̀

C;1(i; � ) � ~̀
C;2(i; � )

�

���M�/ �i�?�2 �`���i�B�Q

R12;13(i ; � ) �
D B� C

12 (i ; � )
D B� C

13 (i ; � )
:

���i �i�?�2 �i�`�m�2 �p���H�m�2� � �- �i�?�2 �`���i�B�QR12;13(i ; � � ) �/�Q�2�b �M�Q�i �/�2�T�2�M�/ �Q�M �+�Q�M�b�m�K�2�`i �X �h�?�m�b�-� �+���M
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f �v = 1:25; �� = � 0:75; � v = 1:00; � � = 1:00; � = 0:8; ~s = 0:25; � = 0:2g
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